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Abstract
The achromatic number of a graph G is the largest number of colours which can be assigned
to the vertices of G so that adjacent vertices get di/erent colours and every pair of distinct
colours appears on the ends of some edge. We consider the achromatic number of the dis-
joint union of paths of length a1; a2; : : : ; ak , and show that it is the largest integer n such that
a1 + a2 + · · · + ak¿( n2 ) + f(k; n), where f(k; n) equals 0 if n is odd, or if n is even and
k¿n=2, and equals n=2− k if n is even and k ¡n=2. c© 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction
A complete n-colouring of a graph G is an assignment of n colours, 1; 2; : : : ; n, to
the vertices of G so that adjacent vertices are assigned di/erent colours, and every
pair of distinct colours appears on the ends of some edge. The achromatic number of
G, denoted achr(G), is the largest integer n for which there is a complete n-colouring
of G. In contrast to the chromatic number, which is arguably the most studied graph
parameter, the achromatic number was :rst introduced by Harary et al. in 1967 [9].
It follows from the de:nition that if achr(G)¿n, then |E(G)|¿( n2 ). A graph G is
called n-minimal if |E(G)| = ( n2 ) and achr(G) = n. This de:nition is due to Bhave
[1] and Kelly [10]. In the latter paper such graphs were called maximally achro-
matic. Equivalently, a graph G is n-minimal if achr(H)¡ achr(G) for every proper
subgraph H of G, up to deleting isolated vertices. The n-minimal graphs are analogous
to colour-critical graphs.
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A survey of results on the achromatic number of graphs is presented in [8]. The
achromatic number of a path was calculated in [6,7]. Some results concerning the
achromatic number of a disjoint union of paths of the same length can be found in
[10,11]. In particular, these authors give conditions under which a disjoint union of
paths of the same length is n-minimal. More recently, Cairnie and Edwards [3] have
shown that it is NP-hard to determine the achromatic number of a tree. The problem of
whether there is a polynomial-time algorithm for determining the achromatic number
of a caterpillar remains open.
A related concept is a harmonious n-colouring of a graph G, an assignment of n
colours, 1; 2; : : : ; n, to the vertices of G so that adjacent vertices are assigned di/erent
colours, and every pair of distinct colours appears on the ends of at most one edge.
The harmonious chromatic number of a graph G, denoted h(G), is the smallest integer
n such that G has a harmonious n-colouring. It follows from comparing the de:nitions
that achr(G)6h(G). A survey on the harmonious chromatic number and the achromatic
number has been given by Edwards [4].
In [5] Georges investigated the harmonious chromatic number of various disjoint
collections of graphs. In particular, an exact expression for the harmonious chromatic
number of the disjoint union of paths was obtained.
Theorem 1.1 (Georges [5]). Let a1; a2; : : : ; ak be positive integers and let Pt denote a
path with t edges. The harmonious chromatic number of P = Pa1 ∪ Pa2 ∪ · · · ∪ Pak is
the smallest integer n such that a1 + a2 + · · ·+ ak6( n2 )− f(k; n); where for positive
integers k and n;
f(k; n) =


0 if n is odd;
0 if n is even and k¿n=2;
n=2− k if k is even and k ¡n=2:
In this note we give a strikingly similar formula for the achromatic number of the dis-
joint union P=Pa1∪Pa2∪ · · · ∪Pak , where Pt denotes a path with t edges (see Theorem 2.7).
The similarity between Theorems 2.7 and 1.1 above mirrors the similarity between the
de:nitions of achromatic number and harmonious chromatic number. In addition, we
completely characterize the disjoint unions of paths which are n-minimal.
2. Results
We use de:nitions and terminology from [2]. We reserve the term graph as an
abbreviation for :nite simple graph, and colouring for proper vertex colouring. If, in
a colouring of a graph G, a pair of colours appears on the ends of more than one
edge, we say that the pair is repeated. We shall assume throughout this work that the
vertex-set of Kn is {1; 2; : : : ; n}. Recall that a trail in a graph G can be de:ned as a
sequence of vertices v0; v1; : : : ; vt such that v0v1; v1v2; : : : ; vt−1vt are distinct edges of G.
The integer t is the length of the trail.
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Suppose that a1; a2; : : : ; ak are positive integers such that a1 + a2 + · · ·+ ak = ( n2 ). If
P=Pa1 ∪Pa2 ∪ · · · ∪Pak has a complete n-colouring, then every pair of distinct colours
appears exactly once on the ends of some edge. Such a colouring is also harmonious,
and corresponds to a partition of E(Kn) into k trails of length a1; a2; : : : ; ak , respectively.
Proposition 2.1 (Georges [5]). Let a1; a2; : : : ; ak be positive integers such that
a1 + a2 + · · ·+ ak = (2n+12 ). Then E(K2n+1) can be partitioned into k trails of length
a1; a2; : : : ; ak ; respectively.
Lemma 2.2 (Georges [5]). Let a1; a2; : : : ; an be positive integers such that a1 +
a2 + · · · + an = (2n2 ). Then E(K2n) can be partitioned into n-trails of length
a1; a2; : : : ; an; respectively.
Corollary 2.3. Let a1; a2; : : : ; ak be positive integers such that k¿n and a1 + a2 +
· · · + ak = (2n2 ). Then E(K2n) can be partitioned into k-trails of length a1; a2; : : : ; ak ;
respectively.
Proof: By Theorem 1.1, h(Pa1 ∪ Pa2 ∪ · · · ∪ Pak ) = 2n. Since P has exactly ( 2n2 ) edges,
a harmonious 2n-colouring is also a complete 2n-colouring, and yields the desired
partition.
We now show that the above are the only instances in which a union of paths with
( n2 ) edges has achromatic number n.
Lemma 2.4. Let a1; a2; : : : ; ak be positive integers such that k6n and P = Pa1 ∪
Pa2 ∪ · · · ∪ Pak has a complete 2n-colouring. Then a1 + a2 + · · ·+ ak¿( 2n2 ) + (n− k).
Proof: When a colour, c, is assigned to an internal vertex of a path, either two pairs
of colours containing c are accounted for (when the neighbouring vertices have distinct
colours), or some pair of colours containing c is repeated. Since there are 2n− 1 pairs
of colours containing c, if no such pair is repeated, then c must be assigned to an end
of some path. Since there are k paths, there are at least 2n − 2k colours which are
not assigned to an end of any path. Each of these colours belongs to at least one pair
of repeated colours, and each pair contains two colours, hence the number of pairs of
repeated colours is at least (2n− 2k)=2. Thus, P has at least ( 2n2 )+ (n− k) edges, that
is, a1 + a2 + · · ·+ ak¿( 2n2 ) + (n− k).
Combining the above results yields a characterisation for the unions of paths which
ae n-minimal. This also follows from Theorem 1.1 and the relationship between the
harmonious chromatic number and the achromatic number. As we have observed, a
complete n-colouring of a disjoint union of paths containing exactly ( n2 ) edges is also
a harmonious n-colouring.
334 G. MacGillivray, A. Rodriguez /Discrete Mathematics 231 (2001) 331–335
Corollary 2.5. Let a1; a2; : : : ; ak be positive integers such that a1 +a2 + · · ·+ak =( n2 ).
Then Pa1 ∪ Pa2 ∪ · · · ∪ Pak has a complete n-colouring if and only if n is odd; or n is
even and k¿n=2.
Lemma 2.6. Let a1; a2; : : : ; ak be positive integers such that k6n and a1 + a2 + · · ·+
ak = (
2n
2 ) + (n− k). Then P= Pa1 ∪ Pa2 ∪ · · · ∪ Pak has a complete 2n-colouring.
Proof: Without loss of generality, a16a26 · · ·6ak . Since k6n, ak¿(( 2n2 ) +
(n− k))=n¿2n− 1¿ 2(n− k). De:ne the n-positive integers b1; b2; : : : ; bn by
bi =


ai if 16i¡ k;
ak − 2(n− k) if i = k;
1 if i¿ k:
Then b1 + b2 + · · · + bn = a1 + a2 + · · · + ak − 2(n − k) + (n − k) = (2n2 ) and, by
Lemma 2.2, Q=Pb1 ∪Pb2 ∪ · · · ∪Pbn has a complete 2n-colouring. Since |E(Q)|=(2n2 ),
no pair of colours is repeated. Thus, following the same argument as in the proof of
Lemma 2.4, the ends of the paths are all assigned di/erent colours. Further, since
there are exactly n paths, K2n has 2n vertices of old degree, and no pair of colours is
repeated, each colour appears precisely once on an end of some path.
We construct a complete 2n-colouring of P. Colour Pa1 ∪ Pa2 ∪ · · · ∪ Pak−1
the same as Pb1 ∪ Pb2 ∪ · · · ∪ Pbk−1 . Suppose the vertices of Pbk are coloured
sequentially as c1; c2; : : : ; cak−2(n−k), and for 16i6n−k the vertices of Pbk+i are coloured
cak−2(n−k)+(2i−1); cak−2(n−k)+(2i). Then, since the ends of the paths in Q are all as-
signed di/erent colours, no two consecutive elements of the sequence S = c1; c2; : : : ;
cak−2(n−k)+2(n−k) = c1; c2; : : : ; cak are identical. Further, since each pair of colours which
does not appear on the ends of an edge of Pa1 ∪ Pa2 ∪ · · · ∪ Pak−1 occurs as a pair of
consecutive elements of S, colouring the vertices of Pak sequentially by the elements
of S yields a complete 2n-colouring of P.
Theorem 2.7. Let a1; a2; : : : ; ak be positive integers. The achromatic number of P =
Pa1 ∪Pa2 ∪ · · · ∪Pak is the largest integer n such that a1 + a2 + · · ·+ ak¿( n2 )+f(k; n)
where; for positive integers k and n;
f(k; n) =


0 if n is odd;
0 if n is even and k¿n=2;
n=2− k if k is even and k ¡n=2:
Proof: By Lemma 2.4 and the de:nition of f, the achromatic number of P is at most
n. If a1 + a2 + · · · + ak = ( n2 ) + f(k; n), then the result follows immediately from
Corollaries 2.5 and 2.3.
Suppose strict inequality holds. Since the achromatic number of a graph is always at
least as large as the achromatic number of a vertex induced subgraph (the remaining
vertices could be properly coloured arbitrarily), it suKces to show there is a vertex
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induced subgraph, Q, for which equality holds (although perhaps not for the same value
of k). There are three cases to consider.
Case 1: n is odd
Let Q be a subgraph obtained by repeatedly deleting vertices of degree one until
the resulting graph has ( n2 ) edges. Then Q is a vertex induced subgraph of P and
achr(Q) = n by Corollary 2.5.
Case 2: n is even and k ¡n=2
As before, some path, say Pa1 , has length at least n − 1. Let Q be the subgraph
obtained by removing a1 + a2 + · · ·+ ak − ( n2 )−f(k; n)6( n+12 )− 1− ( n2 )− 1 = n− 2
vertices from an end of this path. Then Q is a vertex induced subgraph of P and
achr(Q) = n by Lemma 2.6.
Case 3: n is even and k¿n=2
Construct Q from P as follows. First, repeatedly delete vertices of degree one from
paths of length at least two until either no such paths remain, or the sum of the
lengths of the remaining paths is ( n2 ). In the latter case, stop. In the former case, we
have arrived at a situation where each path has length one. Now delete suKciently
many paths so that Q is a union of ( n2 ) paths of length one. In either case, Q is a
vertex-induced subgraph of P and achr(Q) = n by Corollary 2.5.
This completes the proof.
This theorem implies trivial polynomial-time algorithm for determining the achro-
matic number of disjoint unions of paths.
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